Natural operations on differential forms by Navarro, J. & Sancho, J. B.
ar
X
iv
:1
41
2.
08
40
v1
  [
ma
th.
DG
]  
2 D
ec
 20
14
Natural operations on differential forms
J. Navarro ∗ J. B. Sancho
October 22, 2018
Abstract
We prove that the only natural operations between differential forms
are those obtained using linear combinations, the exterior product and
the exterior differential. Our result generalises work by Palais [7] and
Freed-Hopkins [1].
As an application, we also deduce a theorem, originally due to Kola´rˇ
([2]), that determines those natural differential forms that can be asso-
ciated to a connection on a principal bundle.
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Introduction
Let ω1 . . . , ωk be differential forms on a smooth manifold, of positive degree.
In this paper we determine those differential forms that can be associated in a
natural way to the given forms ω1, . . . , ωk. Loosely speaking, our result says
that the only natural operations between differential forms are those obtained
using linear combinations, the exterior product and the exterior differential.
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To be more precise, let us fix positive integers p1, . . . , pk and an integer
q ≥ 0. Let us suppose that, for each manifold X and each collection ω1 . . . , ωk
of differential forms on X of degree p1, . . . , pk, we have defined a q-form
P (ω1, . . . , ωk) on X . Let us also assume that the assignment (ω1 . . . , ωk) 7−→
P (ω1, . . . , ωk) is compatible with inverse images: for any smooth map τ : X¯ →
X it holds
τ∗ [P (ω1, . . . , ωk)] = P (τ
∗ω1, . . . , τ
∗ωk) .
Then, our main result (Theorem 3.3) proves that there exists a unique poly-
nomial P(x1, y1, . . . , xk, yk), homogeneous of degree q in anti-commutative vari-
ables of degree degxi = pi, deg yi = pi + 1, such that:
P (ω1, . . . , ωk) = P(ω1, dω1, . . . , ωk, dω) ,
for any smooth manifold X and any collection ω1 . . . , ωk of differential forms
on X of degrees p1, . . . , pk. In this formula, the product of variables on the
polynomial P has been replaced by the exterior product of forms.
The case p1 = · · · = pk = 1 has been recently obtained by Freed-Hopkins
([1], Thm. 8.1) using a different language and quite different methods to those
applied here.
When the given collection reduces to a single form ω of degree p, and we
take q = p+ 1, it follows that the assignment P is a constant multiple of the
exterior differential: P (ω) = λdω. This is a classical statement due to Palais
([7], Thm. 10.5), who assumed P to be linear, and to Kola´rˇ-Michor-Slova´k ([3],
Prop. 25.4) in the general case.
We have included two versions of our main result: a first one, Theorem 2.3,
whose proof relies on general methods developed in [3], and a second one, Theo-
rem 3.3, which corresponds to the statement announced above. The exposition
of this paper will be self-contained, except for the Peetre-Slova´k theorem on
differential operators and some basic facts about the invariant theory of the
general linear group.
As an application of our results, we prove in the Appendix a version of a
beautiful theorem originally due to Kola´rˇ ([2]), that determines those differential
forms that one can construct in a natural way from a connection on a principal
bundle (see also [1], Thm. 7.20).
1 Preliminaries
1.1 Invariant theory of the general linear group
Let V be an R-vector space of finite dimension n, and let Gln be the Lie group
of its R-linear automorphisms.
As Gln is linearly semisimple, the following holds:
Proposition 1.1. Let E and F be linear representations of Gln, and let
E′ ⊂ E be a sub-representation. Any equivariant linear map E′ → F is the
restriction of an equivariant linear map E → F .
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On the other hand, the Main Theorem of the invariant theory for the general
linear group states that the only Gln-equivariant linear maps ⊗
pV −→ ⊗pV
are the linear combinations of permutations of indices (e. g., [3] Sect. 24). In
this paper, we will only use the following consequence:
Proposition 1.2. The only Gln-equivariant linear maps ⊗
pV −→ ΛpV are
the multiples of the skew-symmetrisation operator.
Combining the previous two propositions, it follows:
Corollary 1.3. Let E ⊆ ⊗pV be a Gln-sub-representation. The only Gln-
equivariant linear maps ⊗pV ⊇ E −→ ΛpV are the multiples of skew-symme-
trisation operator.
Remark 1.4. We will make use of the following properties of the skew-symme-
trisation operator h:
– h(T ⊗ T ′) = h(T ) ∧ h(T ′) for any covariant tensors T, T ′,
– h(ω) = q!ω for any q-form ω,
– h(∇ω) = q! dω for any differential q-form ω on Rn, where ∇ denotes the
standard flat connection.
1.2 Differential operators on forms
Let E → X be a bundle (or a submersion) on a smooth manifold X . Let us
denote by E the sheaf of sections of that bundle: E is a contravariant functor,
defined over the category of open sets of X and inclusions between them, that
assigns, to each open set U ⊆ X , the set E(U) of smooth sections defined
over U , and to each inclusion between open sets V →֒ U , the restriction map
E(U)→ E(V ).
Let us denote by JrE → X the bundle of r-jets of sections of E → X .
Definition. The bundle of ∞-jets is the inverse limit
J∞E := lim
←−
JrE ,
endowed with the initial topology of the projections πr : J
∞E → JrE.
Let Y be a smooth manifold. A continuous map ϕ : J∞E → Y is said
smooth if, for any ∞-jet j∞x s ∈ J
∞E there exist a natural number r and a
smooth map ϕr : J
rE ⊇ U → Y , defined on a neighbourhood U of jrxs, such
that ϕ = ϕr ◦ πr in the neighbourhood π
−1
r (U) of j
∞
x s.
Definition. Let E → X and F → X be two bundles. A differential oper-
ator P˜ : E ❀ F is a smooth morphism of bundles P˜ : J∞E → F . A differ-
ential operator P˜ is said of order ≤ r if there exists a morphism of bundles
P˜r : J
rE → F such that P˜ = P˜r ◦ πr.
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Let E and F be the sheaves of sections of two bundles E → X and F → X .
A differential operator P˜ : E ❀ F can be understood as a morphism of sheaves
(that is, a morphism of functors):
P : E −→ F , P (s)(x) := P˜ (j∞x s) .
Conversely, let us see that any morphism of sheaves, satisfying certain regu-
larity condition, is a differential operator.
If T is a smooth manifold, let us denote XT := X × T . Any open set
U ⊂ XT can be thought as a family of open sets Ut ⊂ X , where Ut = U∩(X×t).
A family of sections { st : Ut → E }t∈T defines a map:
s : U → E , s(t, x) := st(x)
and the family {st}t∈T is said smooth (with respect to the parameters t ∈ T )
precisely when the map s : U → E is smooth.
Definition. With the previous notations, a morphism of sheaves P : E → F
is regular if, for any smooth manifold T and any smooth family of sections
{st : Ut → E}t∈T , the family {P (st) : Ut → F}t∈T is also smooth.
Theorem 1.5 (Peetre-Slovak). There exists a bijection
Diff(E,F ) = Homreg(E ,F) , P˜ 7→ P ,
where Diff(E,F ) stands for the set of differential operators and Homreg(E ,F)
for that of regular morphisms of sheaves.
This theorem was first proved by J. Peetre, in the case of R-linear differential
operators. Later on, J. Slova´k ([8]) established a general result that includes
the above statement as a particular case (see [6]).
Notation. If X is a smooth manifold, let us write ΩpX for the sheaf of differen-
tial p-forms on X ; that is, for the sheaf of sections of the bundle ΛpT ∗X → X .
Lemma 1.6. Any differential operator P˜ : ΛpT ∗Rn ❀ ΛqT ∗Rn, that is invari-
ant under translations and homotheties, has finite order.
The condition of a differential operator P˜ being invariant by a diffeomor-
phism τ : Rn → Rn means that the following square is commutative
J∞ΛpT ∗Rn
τ∗
−−−−→ J∞ΛpT ∗Rn
P˜
y yP˜
ΛqT ∗Rn
τ∗
−−−−→ ΛqT ∗Rn
In terms of the corresponding morphism of sheaves P : Ωp
Rn
→ Ωq
Rn
, this
amounts to saying P (τ∗ω) = τ∗P (ω).
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Proof of 1.6: As the operator P˜ is invariant under translations, it is determined
by its restriction P˜ : J∞0 (Λ
pT ∗Rn) −→ ΛqT ∗0R
n to the fibres over the origin 0 ∈
Rn. The smoothness of this map at the zero∞-jet j∞0 0 ∈ J
∞
0 (Λ
pT ∗Rn) implies
that there exist a natural number r and a smooth map P˜r : J
r
0 (Λ
pT ∗Rn) ⊇
U −→ ΛqT ∗0R
n, defined on an open set U of the zero r-jet, such that P˜ = P˜r◦πr
over π−1r (U).
Now, a simple computation in local coordinates shows that, for any fixed
jet j∞0 ω ∈ J
∞
0 Λ
pT ∗Rn, there exists an homothety τλ : R
n → Rn, τλ(x) = λx,
with λ sufficiently small, such that τ∗λ(j
r
0ω) belongs to U , that is, τ
∗
λ(j
∞
0 ω) ∈
π−1r (U). Therefore,
P˜ (j∞0 ω) = P˜ (τ
∗
λ−1τ
∗
λ(j
∞
0 ω)) = τ
∗
λ−1
(
P˜ (τ∗λ(j
∞
0 ω))
)
= τ∗λ−1
(
P˜r (πrτ
∗
λ (j
∞
0 ω))
)
= τ∗λ−1
(
P˜r (τ
∗
λπr (j
∞
0 ω))
)
= τ∗λ−1
(
P˜r (τ
∗
λ (j
r
0ω))
)
= Q˜r(j
r
xω) .
where Q˜r := τ
∗
λ−1
◦ P˜r ◦ τ
∗
λ .
The same formula P˜ = Q˜ ◦ πr holds for any point in the neighbourhood
of j∞0 ω formed by jets j
∞
0 ω¯ such that τ
∗
λ(j
∞
0 ω¯) ∈ π
−1
r (U). Hence, P˜ factors
through the projection πr.

Notation. For the rest of the section, let us fix a natural number n. Let
Mann denote the category of smooth manifolds of dimension n and local dif-
feomorphisms between them.
Let Ωp denote the contravariant functor over Mann that assigns, to each
smooth n-manifold X , the set Ωp(X) of differential p-forms on X , and, to each
local diffeomorphism τ : X → Y , the map τ∗ : Ωp(Y )→ Ωp(X) (inverse image
of differential forms).
Definition. A natural morphism P : Ωp → Ωq is a morphism of functors over
Mann.
In other words, a natural morphism P : Ωp → Ωq amounts to giving, for
each n-manifold X , a map P : Ωp(X)→ Ωq(X) such that for each local diffeo-
morphism τ : X → Y , it holds
P (τ∗ω) = τ∗(P (ω)) ∀ω ∈ Ωp(Y ) .
Let X be an n-manifold. The sheaf of p-forms ΩpX over X is the restric-
tion of Ωp to the subcategory of Mann formed by the open sets of X and
the inclusions between them. A natural morphism P : Ωp → Ωq defines, by
restriction to such subcategory, a morphism P : ΩpX → Ω
q
X of sheaves over X .
Definition. A natural morphism P : Ωp → Ωq is said regular if its restriction
P : ΩpX → Ω
q
X to any n-manifold X is a regular morphism of sheaves over X .
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Let P : Ωp → Ωq be a regular and natural morphism. As any n-manifold X
is locally diffeomorphic to Rn, the natural morphism P : Ωp → Ωq is determined
by its restriction to the manifold Rn, that is, by the regular morphism of sheaves
P : Ωp
Rn
→ Ωq
Rn
. By the Peetre-Slova´k theorem, such a morphism is in fact
defined by a differential operator P˜ : J∞ΛpT ∗Rn −→ ΛqT ∗Rn. By naturalness,
this differential operator is invariant under the action of any diffeomorphism
R
n → Rn, and hence, due to Lemma 1.6, has finite order.
Summing up,
Proposition 1.7. Any regular and natural morphism P : Ωp → Ωq is a differ-
ential operator of finite order.
To be more precise, the restriction of P to each n-manifold X is a morphism
of sheaves P : ΩpX → Ω
q
X corresponding to a differential operator P˜ : Λ
pT ∗X ❀
ΛqT ∗X of finite order. This order, that is common for all manifolds, will be
called the order of the morphism P : Ωp → Ωq.
Definition. For each natural number r, let us write Gr for the Lie group of
r-jets jr0τ at the origin 0 ∈ R
n of local diffeomorphisms satisfying τ(0) = 0.
The group Gr+1 acts on the fibre Jr0 (Λ
pT ∗Rn),
(jr+10 τ) · (j
r
0ω) := j
r
0 (τ∗ω) .
Proposition 1.8. There exists an injective map:{
Regular and natural morphisms
P : Ωp −→ Ωq of order r
}
⊆
{
Smooth Gr+1– equivariant maps
P˜ : Jr0 (Λ
pT ∗Rn) −→ ΛqT ∗0R
n
}
The relation between P and P˜ is determined by the equality:
P (ω)x=0 = P˜ (j
r
0ω) ∀ω ∈ Ω
p(Rn) .
Proof: Any regular and natural morphism P : Ωp → Ωq of order r is determined
by its restriction to Rn, that is a regular morphism of sheaves P : Ωp
Rn
→ Ωq
Rn
invariant under diffeomorphisms. As it is regular, it corresponds to a differential
operator P˜ : Jr(ΛpT ∗Rn) −→ ΛqT ∗Rn, that, by naturalness, is invariant under
diffeomorphisms. Due to this last property, P˜ is determined by its restriction
to the fibres over the origin, P˜ : Jr0 (Λ
pT ∗Rn) −→ ΛqT ∗0R
n, which, in turn, is a
smooth, Gr+1-equivariant map.

With more generality, in this paper we will consider the functors Ωp1⊕· · ·⊕
Ωpk over Mann. The definition of naturalness, as well as Propositions 1.7 and
1.8, all trivially extend to morphisms Ωp1 ⊕ · · · ⊕ Ωpk −→ Ωq. In particular,
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Proposition 1.9. There exists an injective mapRegular and natural morphisms of order r
P : Ωp1 ⊕ · · · ⊕ Ωpk −→ Ωq

|
⋂ Smooth G
r+1– equivariant maps
P˜ : Jr0 (Λ
p1T ∗Rn)× · · · × Jr0 (Λ
pkT ∗Rn) −→ ΛqT ∗0R
n

The relation between P and P˜ is determined by the equality
P (ω1, . . . , ωk)x=0 = P˜ (j
r
0ω1, . . . , j
r
0ωk)
for all (ω1, . . . , ωk) ∈ Ω
p1(Rn)× · · · × Ωpk(Rn).
Remark 1.10. Later on, we will compute those smooth, Gr+1-equivariant
maps, and it will result that the inclusions of 1.8 and 1.9 are in fact equali-
ties (see [3] for more general results of this kind).
2 Main result: first version
In this section we still work in category Mann of n-dimensional manifolds and
local diffeomorphisms between them.
Let us introduce the following notations for the exterior and symmetric pow-
ers: Λp := Λp(T ∗0R
n) and Sp := Sp(T ∗0R
n). We will also use that Sp is canon-
ically isomorphic to the vector space of homogeneous polynomials of degree p
over T ∗0R
n.
There exists a diffeomorphism:
Jr0 (Λ
pT ∗Rn) (Λp)⊕ (S1 ⊗ Λp)⊕ · · · ⊕ (Sr ⊗ Λp)
jr0ω 7−→ (ω
0, ω1, . . . . . . , ωr)
where ωs is the homogeneous component of degree s in the Taylor expansion
(on cartesian coordinates) of the p-form ω. If we write ∇ for the standard flat
connection on Rn, then ωs = (∇sω)x=0.
This diffeomorphism is not invariant under arbitrary changes of coordinates,
but it is so under linear changes of coordinates. In other words, this diffeomor-
phism is equivariant with respect to the action of the linear group Gln ⊆ G
r+1,
although it is not equivariant with respect to the whole group Gr+1.
Therefore, Proposition 1.9 implies the following:
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Lemma 2.1. There exists an injective map:Regular and natural morphisms of order r
P : Ωp1 ⊕ · · · ⊕ Ωpk −→ Ωq

|
⋂
Smooth Gln– equivariant maps
P˜ :
∏
i=1,...,k
[
(S0 ⊗ Λpi)⊕ · · · ⊕ (Sr ⊗ Λpi)
]
−→ Λq

The relation between P and P˜ is determined by the equality
P (ω1, . . . , ωk)0 = P˜ (. . . ,
[
ω0i , . . . , ω
r
i
]
, . . . )
= P˜ (. . . ,
[
(∇0ωi)0, . . . , (∇
rωi)0
]
, . . . ) .
Again, this inclusion will be proved to be an equality, once we compute the
Gln-equivariant maps. The first step in this computation is to prove that these
maps satisfy certain homogeneity condition.
Lemma 2.2. Any smooth, Gln-equivariant map∏k
i=1
[
(S0 ⊗ Λpi)⊕ · · · ⊕ (Sr ⊗ Λpi)
] P˜
−−−−→ Λq
satisfies the following homogeneity condition
P˜
(
. . . , (λpi+0ω0i , . . . , λ
pi+rωri ), . . .
)
= λqP˜
(
. . . , (ω0i , . . . , ω
r
i ), . . .
)
(1)
for any real number λ 6= 0.
Proof: Let τλ : R
n → Rn, τλ(x) = λx, be the homothety of ratio λ 6= 0. On
the one hand, for any tensor ωji ∈ S
j ⊗ Λpi , covariant of order pi + j, it holds
τ∗λω
j
i = λ
pi+jω
j
i .
On the other, as the map P is Gln-equivariant, it holds P˜ ◦ τ
∗
λ = τ
∗
λ ◦ P˜ .
Consequently:
P˜
(
. . . , (λpi+0ω0i , . . . , λ
pi+rωri ), . . .
)
= P˜
(
. . . , (τ∗λω
0
i , . . . , τ
∗
λω
r
i ), . . .
)
= τ∗λ P˜
(
. . . , (ω0i , . . . , ω
r
i ), . . .
)
= λqP˜
(
. . . , (ω0i , . . . , ω
r
i ), . . .
)
.

A smooth map between vector spaces satisfying a homogeneity condition has
necessarily to be a polynomial, in virtue of the following elementary result (e.
g. [3], Thm. 24.1):
Homogeneous Function Theorem: Let E1, . . . , Ek be finite dimensional R-
vector spaces.
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Let f :
∏
Ei → R be a smooth function such that there exist positive real
numbers ai > 0, and w ∈ R satisfying:
f(λa1e1, . . . , λ
akek) = λ
w f(e1, . . . , ek) (2)
for any positive real number λ > 0 and any (e1, . . . , ek) ∈
∏
Ei.
Then f is a sum of monomials of degree (d1, . . . , dk) in the variables e1, . . . , ek
satisfying the relation
a1d1 + · · ·+ akdk = w . (3)
If there are no natural numbers d1, . . . , dk ∈ N∪{0} satisfying this equation,
then f is the zero map.
In other words, for any finite dimensional vector space W , there exists an
R-linear isomorphism:
[Smooth maps f :
∏
Ei →W satisfying (2)]∥∥∥⊕
(d1,...,dk)
HomR(S
d1E1 ⊗ . . .⊗ S
dkEk, W )
where (d1, . . . , dk) runs over the non-negative integers solutions of equation (3).
A smooth map f :
∏
Ei → W , satisfying (2), and the corresponding linear
map ⊕fd1...dk ∈
⊕
(d1,...,dk)
HomR(S
d1E1⊗ . . .⊗S
dkEk, W ), are related by the
equality
f(e1, . . . , ek) =
∑
(d1,...,dk)
fd1...dk
(
(e1 ⊗ d1. . .⊗ e1)⊗ · · · · · · ⊗ (ek ⊗ dk. . .⊗ ek)
)
.
Definition. Let us fix a finite sequence of positive integers (p1, . . . , pk). Let
us denote R{u1, . . . , uk} the anti-commutative algebra of polynomials with real
coefficients in the variables u1, . . . , uk, where each variable ui is assigned degree
pi. The anti-commutative character of this algebra is expressed by the relations
uiuj = (−1)
pipjujui .
The degree of a monomial ua11 . . . u
ak
k is defined as
∑
aipi. A polynomial
P(u1, . . . , uk) ∈ R{u1, . . . , uk} is said homogeneous of degree q if it is a linear
combination of monomials of degree q.
Let P(x1, . . . , xk) ∈ R{u1, . . . , uk} be a homogeneous polynomial of degree
q, and let ω1, . . . , ωk differential forms of degree p1, . . . , pk on a smooth mani-
fold X . Then P(ω1, . . . , ωk), where the product of variables is replaced by the
exterior product of forms, is a differential form of degree q on X .
Theorem 2.3. Let p1, . . . , pk be positive integers, and let R{u1, v1, . . . , uk, vk}
be the anti-commutative algebra of polynomials on the variables u1, v1, . . . , uk, vk,
of degree deg ui = pi, deg vi = pi + 1.
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Any regular and natural morphism over Mann
P : Ωp1 ⊕ . . .⊕ Ωpk −→ Ωq (0 ≤ q ≤ n)
can be written as
P (ω1, . . . , ωr) = P(ω1, dω1, . . . , ωk, dωk)
for a unique homogeneous polynomial P(u1, v1, . . . , uk, vk) ∈ R{u1, v1, . . . , uk, vk}
of degree q.
Proof: Via Lemma 2.1, a regular natural morphism P : Ωp1 ⊕ . . .⊕Ωpk −→ Ωq,
of order r, corresponds to a Gln-equivariant smooth map
P˜ :
∏
i=1,...,k
[
(S0 ⊗ Λpi)⊕ · · · ⊕ (Sr ⊗ Λpi)
]
−→ Λq ,
satisfying the homogeneity condition (1).
Due to the Homogeneous Function Theorem, such an P˜ has to be a polyno-
mial; that is to say, it is a sum ⊕{di,j} P˜
{di,j} of Gln-equivariant linear maps:
P˜ {di,j} :
⊗
i=1,...,k
[
Sdi,0(S0 ⊗ Λpi)⊗ · · · ⊗ Sdi,r(Sr ⊗ Λpi)
]
−→ Λq
where each sequence {di,j} of non-negative integers is a solution to the equation:
[p1d1,0 + · · ·+ (p1 + r)d1,r ] + · · ·+ [pkdk,0 + · · ·+ (pk + r)dk,r ] = q . (4)
Observe that this condition implies that P˜ {di,j} is in fact defined on a vector
subspace of ⊗qT ∗0R
n. Then, by Proposition 1.3, the linear map P˜ {di,j} is a
multiple of the skew-symmetrisation operator h,
P˜ {di,j} = λ{di,j} · h .
The skew-symmetrisation of two symmetric indices vanishes, so that we may
assume, from now on, that
di,2 = di,3 = . . . = di,r = 0 , for all i = 1, . . . , k.
That is to say, we only consider solutions {d1,0, d1,1, . . . , dk,0, dk,1} to the
equation:
[p1d1,0 + (p1 + 1)d1,1] + · · ·+ [pkdk,0 + (pk + 1)dk,1] = q . (5)
Bringing all this together,
P (ω1, . . . , ωk)x=0
2.1
= P˜ ((ω1)0, (∇ω1)0, . . . , (ωk)0, (∇ωk)0)
=
∑
{di,j}
P˜ {di,j}
([
(ω1)0 ⊗
d1,0. . . ⊗ (ω1)0
]
⊗
[
(∇ω1)0 ⊗
d1,1. . . ⊗ (∇ω1)0
]
⊗ . . .
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· · · ⊗
[
(ωk)0 ⊗
dk,0. . . ⊗ (ωk)0
]
⊗
[
(∇ωk)0 ⊗
dk,1. . . ⊗ (∇ω1)0
])
=
∑
{di,j}
λ{di,j}h
([
(ω1)0 ⊗
d1,0. . . ⊗ (ω1)0
]
⊗
[
(∇ω1)0 ⊗
d1,1. . . ⊗ (∇ω1)0
]
⊗ . . .
· · · ⊗
[
(ωk)0 ⊗
dk,0. . . ⊗ (ωk)0
]
⊗
[
(∇ωk)0 ⊗
dk,1. . . ⊗ (∇ω1)0
])
(using Properties 1.4 of the skew-symmetrisation operator)
=
∑
{di,j}
µ{di,j}
([
(ω1)0 ∧
d1,0. . . ∧ (ω1)0
]
∧
[
(dω1)0 ∧
d1,1. . . ∧ (dω1)0
]
∧ . . .
· · · ∧
[
(ωk)0 ∧
dk,0. . . ∧ (ωk)0
]
∧
[
(dωk)0 ∧
dk,1. . . ∧ (dω1)0
])
where µ{di,j} := λ{di,j}(p1!)
d1,0+d1,1 · · · (pk!)
dk,0+dk,1 .
Therefore, taking
P(u1, v1, . . . , uk, vk) :=
∑
{di,j}
µ{di,j}u
d1,0
1 v
d1,1
1 · · ·u
dk,0
k v
dk,1
k
it follows
P (ω1, . . . , ωr)x=0 = P(ω1, dω1, . . . , ωk, dωk)x=0 .
By naturalness, we conclude
P (ω1, . . . , ωk) = P(ω1, dω1, . . . , ωk, dωk) (6)
for any n-manifold X and any (ω1, . . . , ωk) ∈ Ω
p1(X)⊕ · · · ⊕ Ωpk(X).
Finally, the uniqueness of the polynomial P is proved applying Lemma 2.4
below to the difference of two polynomials satisfying (6).

Lemma 2.4. Let R{u1, v1, . . . , uk, vk} be as in Theorem 2.3.
Let P ∈ R{u1, v1, . . . , uk, vk} be a non-zero homogeneous polynomial of de-
gree q ≤ n. Then, the morphism of sheaves over X = Rn
P : Ωp1X ⊕ . . .⊕ Ω
pk
X −→ Ω
q
X , P (ω1, . . . , ωk) = P(ω1, dω1, . . . , ωk, dωk)
is not identically zero.
Proof: Let us first consider the case k = 1, that is, P ∈ R{u, v}.
In this case, P is (up to a scalar factor) a monomial of one of the following
four types, depending on the parities of p1 and q,
u0vs (p1 odd, q even)
u1vs (p1 odd, q odd)
usv0 (p1 even, q even)
usv1 (p1 even, q odd)
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where s has to be taken in each case, for the monomial to have degree q.
Depending on each of the four cases, let us consider the p1-form
ω1 =

s∑
j=1
yj0dyj1 ∧ · · · ∧ dyjp1 , case u
0vs
dx1 ∧ · · · ∧ dxp1 +
s∑
j=1
yj0dyj1 ∧ · · · ∧ dyjp1 , case u
1vs
s∑
j=1
dyj1 ∧ · · · ∧ dyjp1 , case u
sv0
x0dx1 ∧ · · · ∧ dxp1 +
s∑
j=1
dyj1 ∧ · · · ∧ dyjp1 , case u
sv1
on X = Rq (each formula employs q variables). In each of the four cases, it
holds
P (ω1) = P(ω1, dω1) =

(ω1)
0 ∧ (dω1)
s = s!ωRq
(ω1)
1 ∧ (dω1)
s = s!ωRq
(ω1)
s ∧ (dω1)
0 = s!ωRq
(ω1)
s ∧ (dω1)
1 = s!ωRq
where ωRq is the volume form of R
q. Hence, the morphism P : Ωp1X −→ Ω
q
X is
not identically zero for X = Rq.
Let us now consider the case where k is arbitrary. Let
P =
∑
λa1b1...akbk u
a1
1 v
b1
1 . . . u
ak
k v
bk
k
be a homogeneous polynomial of degree q. Let us fix an index a1b1 . . . akbk
whose corresponding coefficient is non-zero. On each pair aibi one of the two
terms is 0 or 1, so that we have again four possibilities 0si, 1si, si0 and si1.
Let us now define on Rq a pi-form ωi using the four formulas above, depending
on the case (but taking care of writing the different forms ω1, . . . , ωk on R
q
with disjoint variables).
It is now easy to check that:
P (ω1, . . . , ωk) = P(ω1, dω1, . . . , ωk, dωk) = λa1b1...akbks1! · · · sk! · ωRq ,
so that P : Ωp1X ⊕ . . .⊕ Ω
pk
X −→ Ω
q
X is not identically zero when X = R
q.
Finally, the same expressions for ω1, . . . , ωk prove the thesis for X = R
n
when n ≥ q.

A particular case of Theorem 2.3 is the following characterisation of the
exterior differential, that was first proved for R-linear morphisms by Palais ([7],
Thm. 10.5), and in the general case by Kola´rˇ-Michor-Slova´k ([3], Prop. 25.4).
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Corollary 2.5. Let p be a positive integer. Up to a constant factor, the only
regular and natural morphism P : Ωp → Ωp+1 over Mann is the exterior dif-
ferential: P (ω) = dω.
Proof: According to the previous Theorem, we have to consider the algebra
R{u, v}, where degu = p, deg v = p + 1. In this algebra, the only (up to
scalar factors) homogeneous polynomial of degree p + 1 is the monomial v,
that corresponds to the natural morphism P : Ωp → Ωp+1, P (ω) = dω.

3 Main result: second version
Let us now prove a variation of Theorem 2.3, that corresponds to the statement
announced in the Introduction.
Notation. Let Man be the category of all smooth manifolds and arbitrary
smooth maps between them.
Firstly, let us check that any morphism of functors over Man automatically
satisfies the regularity condition.
Lemma 3.1. Let P : Ωp → Ωq be a morphism of functors over the category
Man. The restriction of P to a smooth manifold X is a regular morphism
P : ΩpX → Ω
q
X of sheaves over X.
Proof: Let T be a smooth manifold (of parameters), and let us consider an
open set U ⊆ X×T and a smooth family {ωt ∈ Ω
p
X(Ut)}t∈T of p-forms on the
open sets Ut = U ∩ (X × t). Regularity is a local condition, so we can assume
X = Rn, T = Rk and U = X × T = Rn × Rk. Let us write
ωt =
∑
i1<···<ip
fi1...ip(x, t) dxi1 ∧ · · · ∧ dxip ∈ Ω
p
X(Ut = R
n) .
The smoothness of the family {ωt ∈ Ω
p
X(Ut)}t∈T means that the functions
fi1...ip(x, t) are smooth on R
n × Rk, that is,
ω :=
∑
i1<···<ip
fi1...ip(x, t) dxi1 ∧ · · · ∧ dxip
is a differential p-form on Rn × Rk. Then, P (ω) ∈ Ωq(Rn × Rk), let us say
P (ω) =
∑
j1<···<jq
gj1...jq (x, t) dxj1 ∧ · · · ∧ dxjq + · · · terms with dtj · · ·
for some smooth functions gj1...jq (x, t) on R
n × Rk.
Now we can write
P (ωt) = P (ω|Rn×t)
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(by functoriality)
= P (ω)|Rn×t =
∑
j1<···<jq
gj1...jq (x, t) dxj1 ∧ · · · ∧ dxjq ,
so that the family {P (ωt)}t∈T is smooth.

In a similar way, it can be proved that, if P : Ωp1 ⊕ · · · ⊕ Ωpk → Ωq is a
morphism of functors over Man, then its restriction to a smooth manifold X is
a regular morphism P : Ωp1X ⊕· · ·⊕Ω
pk
X → Ω
q
X of sheaves over X . Consequently,
Corollary 3.2. Let P : Ωp1 ⊕ · · · ⊕Ωpk → Ωq be a morphism of functors over
Man. Its restriction to the category Mann is a regular and natural morphism.
Theorem 3.3. Let p1, . . . , pk be positive integers, and let R{u1, v1, . . . , uk, vk}
be the anti-commutative algebra of polynomials in the variables u1, v1, . . . , uk, vk,
of degree deg ui = pi, deg vi = pi + 1.
Any morphism of functors over the category Man
P : Ωp1 ⊕ . . .⊕ Ωpk −→ Ωq (q ≥ 0)
can be written as
P (ω1, . . . , ωk) = P(ω1, dω1, . . . , ωk, dωk)
for a unique homogeneous polynomial P(u1, v1, . . . , uk, vk) ∈ R{u1, v1, . . . , uk, vk}
of degree q.
Proof: Let Pn be the restriction of P to the category Mann. By The-
orem 2.3, for n ≥ q there exists a unique homogeneous polynomial Pn ∈
R{u1, v1, . . . , uk, vk} of degree q such that
P (ω1, . . . , ωk) = Pn(ω1, . . . , ωk) = Pn(ω1, dω1, . . . , ωk, dωk)
for any n-manifold X and any (ω1, . . . , ωk) ∈ Ω
p1(X)⊕ · · · ⊕ Ωpk(X).
Let us check that Pn = Pm for all n and m greater that q. Suppose m <
n. For any m-manifold Xm, consider the n-manifold Xm × R
n−m, the natural
projection π : Xm × R
n−m → Xm and the inclusion i : Xm →֒ Xm × R
n−m,
x 7→ (x, 0), so that π ◦ i = Id.
For any (ω1, . . . , ωk) ∈ Ω
p1(Xm)⊕ · · · ⊕ Ω
pk(Xm), on the one hand
Pm(ω1, . . . , ωk) = Pm(ω1, dω1, . . . , ωk, dωk) ,
and, on the other,
Pm(ω1, . . . , ωk) = P (ω1, . . . , ωk) = P (i
∗π∗ω1, . . . , i
∗π∗ωk)
= i∗P (π∗ω1, . . . , π
∗ωk) = i
∗Pn(π
∗ω1, π
∗dω1, . . . , π
∗ωk, π
∗dωk)
= Pn(i
∗π∗ω1, i
∗π∗dω1, . . . , i
∗π∗ωk, i
∗π∗dωk) = Pn(ω1, dω1, . . . , ωk, dωk)
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so that Pn = Pm.
Let us write P for this identical polynomials Pn. By definition of the Pn,
it holds
P (ω1, . . . , ωk) = P(ω1, dω1, . . . , ωk, dωk)
for any (ω1, . . . , ωk) ∈ Ω
p1(X)⊕· · ·⊕Ωpk(X) on any manifold X of dimension
n ≥ q. This equality also holds for manifolds X of dimension n < q, because
in such a case, both terms of the formula are zero, for they take values on
Ωq(X) = 0.

The case p1 = · · · = pk = 1 of this theorem has been proved by Freed-
Hopkins ([1], Thm. 8.1).
4 Appendix: g-Valued forms associated to a con-
nection
Let us fix a Lie group G and let g be its Lie algebra. Given a principal G-
bundle P → X with a principal connection α on it, let us denote Θ = Θ(P, α)
the curvature form, which is a g-valued 2-form on P with the following standard
properties:
1. It is horizontal: If D is a vector field tangent to the fibres of P → X , then
iDΘ = 0 .
2. It is G-equivariant: For any element g ∈ G, it holds:
(R∗gΘ)(D, D¯) = Ad (g
−1)(Θ(D, D¯)) ,
where Rg : P → P , Rg(p) = p · g, denotes right translation by g ∈ G.
3. It is invariant under isomorphisms: if Φ: (P, α) → (P¯ , α¯) is an isomor-
phism of principal G-bundles over X such that Φ∗α¯ = α, then
Φ∗
[
Θ(P¯ , α¯)
]
= Θ(P, α) .
4. It is stable under arbitrary base changes: For any smooth map f : Y → X ,
it holds:
f∗ [Θ(P, α)] = Θ(f∗P, f∗α) .
In this section we shall show that the properties 1-4 essentially characterise
the curvature 2-form. More generally, we will determine all the differential
forms of arbitrary order satisfying the properties 1-4, with values on a linear
representation of G (Theorem 4.2).
Let P → X be a principal fibre bundle with group G. We follow the con-
ventions of [4]; in particular, G acts on P on the right.
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Lemma 4.1. Let P = Rn×G→ Rn be the trivial G-bundle, let α be a principal
connection on it, let s : Rn → P be a global section, and let x0 ∈ R
n be a point.
There exists an isomorphism Φ: P → P such that:
(s∗Φ∗α)x0 = 0 .
Proof: Let s¯ : Rn → P be a global section such that s¯(x0) = s(x0) and
s¯∗(Tx0R
n) = kerαs(x0), i.e., (s¯
∗α)x0 = 0. Let us write s(x) = (x, f(x)) and
s¯(x) = (x, f¯(x)). Let g(x) ∈ G be such that f¯(x) = g(x) · f(x); then the iso-
morphism Φ: P → P , Φ(x, g) = (x, g(x) · g), satisfies s¯ = Φ ◦ s, and hence
(s∗Φ∗α)x0 = (s¯
∗α)x0 = 0.

The adjoint action on the Lie algebra of an element g ∈ G will be written
Ad (g) : g → g. This map induces a linear map Ad (g) : Sqg → Sqg, where Sqg
denotes the q-th symmetric tensor power of g; in other words, the adjoint action
of G over g induces an action on Sqg.
The following statement is a reformulation of a result due to Kola´rˇ ([2]).
The original proof is based on a generalisation of the classical Utiyama theorem
on gauge-invariant Lagrangians.
Theorem 4.2. Let G be a Lie group, let V be a linear representation of G and
let q be a natural number.
Associated to any pair (P → X,α) of a principal G-bundle and a principal
connection α on it, let θ(P, α) be a 2q-form on P with values on V , satisfying
the properties 1-4 written above.
Then, there exists a G-equivariant linear map T : Sqg→ V such that
θ(P, α) = T ◦ [Θ(P, α)∧ q. . . ∧Θ(P, α)] , (7)
for all pairs (P → X, α).
Any differential form of odd order θ(P, α) satisfying properties 1-4 above is
identically zero.
Proof: Let θ(P, α) be a 2q-form as in the statement, and let us prove formula
(7).
As any principal bundle is locally isomorphic to the trivial bundle, properties
3 and 4 allow to reduce the reasoning to the case of the trivial bundle P =
X ×G→ X .
Moreover, due to properties 1 and 2, the form θ(P, α), for any connection α
on the trivial bundle P , is determined by its restriction to a fixed global section
s : X → P .
Hence, it is enough to prove that there exists a G-equivariant linear map
T : Sqg→ V such that
θ(P, α)|s = T ◦
[
Θ(P, α)|s ∧
q. . . ∧Θ(P, α)|s
]
(8)
for any connection α on the trivial bundle P .
16
To this end, observe that property 4 implies that the map:
Ω1 ⊗ g −→ Ω2q ⊗ V , α|s 7−→ θ(P, α)|s , (9)
is a well-defined morphism of functors over the category Man.
Let us fix a basis (v1, . . . , vs) of V , and write:
α =
s∑
j=1
αj⊗vj , Θ(P, α) =
s∑
j=1
Θj(P, α)⊗vj , θ(P, α) =
s∑
j=1
θj(P, α)⊗vj
for some ordinary forms αj ,Θj(P, α), θj(P, α) on P .
Applying Theorem 3.3 to the components of the morphism (9), it follows
the existence of a unique collection of scalars λIj , δ
KL
j ∈ R such that, for any
connection α on the trivial bundle P ,
θj(P, α)|s =
∑
|I|=q
λIj d(αi1|s)∧
q. . . ∧d(αiq |s)
+
∑
2r+s=2q
δKLj d(αk1|s)∧
r. . . ∧d(αkr |s) ∧ (αl1)|s∧
s. . . ∧(αls)|s .
As Θ = dα+ 12 α∧α, the formula above can be re-written, with other unique
coefficients λIj , µ
KL
j ∈ R,
θj(P, α)|s =
∑
|I|=q
λIj Θi1(P, α)|s ∧
q. . . ∧Θiq (P, α)|s
+
∑
2r+s=2q
µKLj d(αk1|s)∧
r. . . ∧d(αkr |s) ∧ (αl1)|s ∧
s. . . ∧ (αls)|s .
At any point x ∈ X , there always exists a connection α¯ = Φ∗α, isomorphic
to α, such that (α¯|s)x = 0 (Lemma 4.1). As θj(P, α) = (Φ
−1)∗[θj(P, α¯)], the
coefficients µKLj above have to be zero; that is to say,
θj(P, α)|s =
∑
|I|=q
λIj Θi1(P, α)|s ∧
q. . . ∧Θiq (P, α)|s ,
which is the required formula (8), where T : Sqg→ V is the linear map defined
by the scalars λIj .
To check the G-equivariance of T , let us apply R∗g in formula (7). As θ and
Θ are G-equivariant, it follows:
Ad (g−1)(T (Θ(D1, D¯1) ∧ . . . ∧Θ(Dq, D¯q))
= T
(
Ad (g−1)(Θ(D1, D¯1) ∧ . . . ∧Θ(Dq, D¯q))
)
for any vector fields D1, . . . , D¯q on any principal bundle P → X .
When varying the pair (P → X,α), the values Θ(D1, D¯1) ∧ . . . ∧Θ(Dq, D¯q)
linearly span Sqg (see Lemma 4.3 below). Hence, the relation above allows to
conclude that T : Sqg→ V is G-equivariant.
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Finally, if θ(P, α) is a (2q−1)-form, a similar reasoning applies. Nevertheless,
in this case Theorem 3.3 implies that (9) is the zero map, and therefore θ(P, α)
is the zero form.

Observe that the last assertion of this theorem implies that the 2q-forms
θ = θ(P, α) have vanishing covariant differential; that is, they satisfy a kind of
Bianchi identity.
Lemma 4.3. Let v1 · · · vq ∈ S
qg be a product of elements v1, . . . , vq ∈ g. There
exists a principal bundle P → X, a connection α on it, a point p ∈ P and vectors
D1, . . . , D2q ∈ TpP such that:(
Θ∧
q
· · · ∧Θ
)
p
(D1, . . . , D2q) = v1 · · · vq ,
where Θ denotes the curvature form of α.
Proof: Let P = R2q×G→ R2q be the trivial bundle and let (x1, . . . , xq, y1, . . . , yq)
be linear coordinates on R2q. Let s : R2q → P be the unit section: s(x) = (x, 1).
Let us consider the unique connection α on P such that
α|s =
q∑
i=1
xidyi ⊗ vi .
The restriction to s of the curvature form Θ = dα+ 12α ∧ α is
Θ|s =
∑
i
dxi ∧ dyi ⊗ vi +
1
2
∑
i,j
xixjdyi ∧ dyj ⊗ [vi, vj ] ,
hence (
Θ∧
q
· · · ∧Ω
)
|s
= q! (dx1 ∧ dy1 ∧ · · · ∧ dxq ∧ dyq)⊗ (v1 · · · vq) .
Therefore, at any point p of the unit section s, we have(
Θ∧
q
· · · ∧Θ
)
p
(∂x1 , ∂y1 , . . . , ∂xq , ∂yq ) = q! v1 · · · vq .

The case q = 1, V = g in Theorem 4.2 is essentially a characterisation of the
curvature form:
Corollary 4.4. Associated to any pair (P → X,α) of a principal G-bundle and
a principal connection α on it, let θ(P, α) be a g-valued 2-form on P satisfying
properties 1-4 above.
Then, there exists a G-equivariant endomorphism T : g→ g such that
θ(P, α) = T ◦Θ(P, α) , (10)
for all pairs (P → X, α).
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If the Lie group G is simple, then the adjoint representation is irreducible.
This is the case of the compact groups U(1), SU(n), SO(n 6= 4), Sp(n),
Spin(n 6= 4), and the exceptional groups G2, F4, E6, E7 and E8. Then any G-
equivariant endomorphism T : g→ g is an homothety, and the previous corollary
reads:
Corollary 4.5. Let G be a simple Lie group. Associated to any pair (P → X,α)
of a principal G-bundle and a principal connection α on it, let θ(P, α) be a g-
valued 2-form on P satisfying the properties 1-4 above.
Then, there exists λ ∈ R such that, for all pairs (P → X, α),
θ(P, α) = λ ·Θ(P, α) .
Let us now consider the trivial representation V = R in Theorem 4.2. Now
θ(P, α) is an ordinary form on the principal bundle π : P → X satisfying the
properties 1-4. From properties 1 and 2, it follows that θ(P, α) = π∗θ˜(P, α) for
an unique ordinary form θ˜(P, α) on the base manifold X . Therefore we may
reformulate Theorem 4.2 (in the case V = R) using the language of ordinary
forms on base manifolds. Let us precise the statement:
Let us fix a Lie group G. Let C denote the functor on Man that assigns,
to any smooth manifold X , the set of isomorphy classes of pairs (P → X,α),
where P → X is a principal G-bundle and α is a principal connection on it.
A q-form naturally associated to a connection is a morphism of func-
tors θ˜ : C → Ωq.
By definition, θ˜ assigns, to any pair (P → X,α) , a differential q-form
θ˜(P, α) on X satisfying the following two properties:
- If (P → X,α) and (P ′ → X,α′) are isomorphic, then θ˜(P, α) = θ˜(P ′, α′).
- For any pair (P → X,α) and any smooth map f : Y → X , it holds:
θ˜(f∗P, f∗α) = f∗(θ˜(P, α)) .
The following statement is again a reformulation of a theorem due to Kola´rˇ
([2]). See also ([1], Th. 7.20) for another formulation.
Corollary 4.6. The 2q-forms naturally associated to a connection biunivocally
correspond with the G-invariant linear maps T : Sqg→ R.
Any form of odd order naturally associated to a connection is identically
zero.
More precisely, the natural 2q-form θ˜(P, α) corresponding to a G-invariant
linear map T : Sqg → R is the projection on X of the following 2q-form over
P
θ(P, α) := T ◦ [Θ(P, α)∧ q. . . ∧Θ(P, α)] ,
where Θ is the g-valued curvature 2-form on P .
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This result shows that the Chern-Weil forms, defined by the Weil homomor-
phism ([5]), are the only natural differential forms one can construct from a
G-connection.
Observe that the second part of the corollary automatically implies that any
2q-form naturally associated to a connection is closed.
Example 4.7. If G = Gln(C) is the general complex linear group of rank n, the
algebra of Gln-invariant, real polynomials T (xrs, yrs) on gln =Mn(C) is gener-
ated by the real and imaginary parts of the coefficients c1(zrs), . . . , cn(zrs) of the
characteristic polynomial of each matrix (zrs = xrs + iyrs). The corresponding
forms associated to a G-connection are essentially the Chern forms.
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